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1. INTRODUCTION 
I t  is the purpose of this article to derive necessary and sufficient conditions for the 
stability of asymptotically zero solutions of linear recurrence quations with respect 
to small variations in both coefficients and time lags. 
Consider the following problem: 
Given x(t) = 1, (t < O) 
x(t) = ~ aix(t --  ~,), (t ~ O) (1.I) 
i=1 
with ai real (i = 1, 2,..., n) and 0 < ~l ~ ~2 < "'" < ~n, under what conditions on 
~l ,..., ~n and a 1 ,..., an is x(t) asymptotic to zero for large t; furthermore, what can 
happen to x(t) when one (or more) of the delays ~i is varied slightly ? 
When the delays are rationally dependent and hence multiples of a common 
positive quantity, say ~i ~- kih, where k i (i ~- 1, 2 , . ,  n) are positive integers, with 
ka < k2 < "'" <5 kn then, putting xj = x(jh), we can write (1.1) for t = jh  as 
xj = ~ a,xs_k, ( i  =- O, 1,...), (1.2) 
i=1 
which is a linear difference quation of order kn 9 In the special ease h i = i, the order 
is simply n. 
The initial data x(t) =- 1 (t < 0) imply that, for jh ~ t < (j  + 1) h, x(t) -= xj and 
a study of the behavior of the values xj,  ( j  -~ 0, 1, 2,...), satisfying (1.2) is conveniently 
based on the associated "characteristic polynomial" which, in this case, is 
p(z) = z k" --  al zk"-kl - -  a~z k"-k~ . . . .  an (I.3) 
9 This research was suppored by the Office of Naval Research under Contract No. N00614- 
67-A-0128-0013. 
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The  function x(t) satisfying (1.1) will for instance be asymptot ic to zero for rationally 
dependent  c~i, if and only if all the zeros o fp(z)  lie interior to the complex unit circle. 
Th is  will occur for coefficients a1 ..... an lying in a certain region which will depend 
upon k a , k 2 ,..., kn. F igure 3 shows the region in the special case n = 2, k a = 1, 
k 2 = 2. 
Putt ing p(z) = 0, we have either [ z ] < 1 or else 
la l [  l a , [  
~<lax l  §  §  I; 
therefore ]a  1 [ q- ... + ]an[ < 1 is in any case sufficient o guarantee that all the 
zeros ofp(z)  lie interior to the unit circle. The  condit ion is not a necessary one, however, 
since, for example, the polynomial  ( z -  (1 - -a ) )n  has (for small positive ~) all its 
zeros inside the unit circle while the sum of absolute values of its coefficients is close 
to 2 n. 
x(t} 
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FIO. 1. x(t) for n = 2, al = 1, ~z = 2, a t = 1, as = --0.5. 
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FIG. 2. x(t) forn = 2, at = 1, ~=2+a,  a t= 1, as=- -0 .5 ,  e= small positive number. 
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Suppose we have a rationally dependent set {%, % ,..., ~}  and a set of coefficients 
a 1 , a s ,..., a,~ for which (1.3) has all its zeros inside the unit circle, then x(t) satisfying 
(1.1) is asymptotic to zero for large t. What happens then to x(t) if a delay, ~i, is 
allowed to vary a little ? 
In Fig. 1 and 2 some graphs of x(t) are shown to illustrate what may happen. 
2. INCOMMENSURABLE T IME LAGS 
Suppose the positive real numbers ~1 < % < "'" < e~ are incommensurable, 
more precisely suppose that 
r1% + r2% + "" + rn~n = 0 
for rational numbers q,  r 2 , . . . ,  rn implies 
r I : r~  - -  - - r  n :0 .  
Then, in particular, no ~i is a rational combination of the others and 
m1~1 + m2% + ... + mn% 
is a distinct real number for each distinct n-tuple of nonnegative integers 
(ml ,  m, .... , m.) .  
For such a set of %,  % ,..., an, a function x(t) satisfying x(t) ~ 1 (t ~> 0) and 
(1.1) will change its value for increasing t >/0  only at the arguments 
t = ml~ 1 -~ "'" -~- m~ n . 
Denote the jumps of x(t) by 
y(t)  = x(t) - -  lim x(t - -  3), 
~o 
then 
x(t) = 1 + ~ y(r) (2.1) 
O<~r~t  
andy(r)  = 0 except at r = m1% -}- " '"  @- mn~ for nonnegative integers m 1 , m 2 ,..., m,~. 
Clearly 
y(O) = a - -  1; (2.2) 
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and it is not hard to show (by induction, since y(t)  also satisfies (1.1)) that 
Note that 
y(mtn , + ... + m,~a,~) = (rnl + "'" + m,~)! ,~ ,,~ 
ml! ms! ... ran! al az ... a~y(O) 
(2.3) 
1 TM y(mtax + "'" + m,~n) = a y(O). (2.4) 
9n1+.  9 9 +~/1 n~9"o, 
We can deduce the following consequences of (2.3) and (2.4): 
(1) If S'0<~<~y(~') is absolutely convergent, hen 
y(z) = 1 y(0) =-  
and x(t) --~ 0 as t -+ oo. 
n 
In particular, ~;=1 I a~ I < 1 is sufficient to guarantee that x(t)--~ 0 as t ~ oo. In 
fact, it follows easily from (I.I) that the previous sentence is true for arbitrary 
0(I ~ ~2 ~'~ O~n " 
(2) Stirling's asymptotic factorial formulas and (2.3) yield 
l "'- + m "e,,t+--.+,,,,, a,,~x ... a~, ,~ C (mi + n, i 
y(krnl~l + "'" + km'~n) ~ k ('~-x)m" m~, ... rn~ 
with C independent ofk. It follows that a necessary condition fory(km~a 1 + "." + km,~an) 
to converge to zero with increasing k is that for every choice of nonnegative integers 
ml,  m2 ,..., mn,  not all zero, we must have 
ml mn 
The region l ai l  + ... + l a, I ~ 1 is contained in each such region defined by 
(2.5) and, for each admissible choice of ml,  m 2 ,..., rn,~, (2.5) has the 2" points 
= tttl m n ) 
lax l  rna+'"+mn .... ' l an l -=-  mi+' "+m~ 
in common with ]al I + "'" + ] a,, I <~ 1. These points are everywhere dense on 
l a l [+  "'" +[a , l=  1 for admissible choices of m 1,...,m,~. It follows that 
[ a 1 [ + ... + [ a, l <~ 1 is necessary for I x(t)[ - *  0 as t --* oo. 
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3. Discussion 
It  is interesting to compare the conditions on the coefficients (in order to have 
x(t) -+ 0) which have been described for the rationally dependent and incommensur- 
able sets of delays (or "t ime lags"). The differences are illustrated by Figs. 3 and 4 
which correspond respectively to the special cases: (Fig. l), n = 2, et 2 = 2cq; and 
(Fig. 2), n =-2,  (~1, ~2) incommensurable. 
-2 
a 2 
a 1 
FIO. 3. n = 2, % = 2~1. 
-i I 
FIc. 4. 
2 a I 
n = 2, (at , ~) incommensurable. 
F rom an examination of the dependence of the zeros of z 2 - -  alz - -  a 2 upon (a l ,  a2) 
it can be deduced that, in the first case, x(t) --+ 0 as t -+ oo for (a x , a2) in the interior 
of the triangle shown in Fig. 3. 
In order that x(t) --. 0 as t ~ m in the second case (incommensurable (~x, ~2)), it 
is sufficient that (a I , a2) lie inside the diamond shaped region shown in Fig. 4. I have 
shown it is also necessary that (a l ,  a2) lie inside or on the diamond [ a 1 [ + [ a~ l ~ 1. 
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The corners of the diamond can immediately be excluded. Further analysis might 
show that the rest of the boundary can also be excluded. 
Next, it is interesting to compare formulas for x(t) in the form (2.1) which can be 
generated for the two cases. 
For this, it is convenient to put n = 2, o~ 1 = 1 ,  Og 2 = 2 in the rationally dependent 
time lag case and we obtain, for the jumps, y(r), 
y(0)  = a 1 -+- a 2 - -  I ,  
y(1)  = a ly (0 ) ,  
y(2) = ( .?  + a~) y(O), 
y(3) = (al ~ + 2ala2) y(O), 
y(4) ~- (ax a q- 3a12a~ -+ a2 z) y(O), 
y(5) ~- (al 5 q- 4aa3a2 q- 3ala2 2) y(O), 
y(6) = (al G + 5al'a ~ + 6a12a2 ~-[- a2 3) y(0), 
y(7) = (aa 7 q- 6a15az -k lOalSa2 ~ q- 4ala~ z) y(0), 
generated by the recurrence relation 
y(m) = aly(m -- 1) + a2y(m -- 2), (3.1) 
with y(m) = 0 for m < 0. 
For the case of incommensurable ~1, %,  it is convenient, for a comparison, to put 
n = 2, cq = 1, ~2 ~- 2 q- 5, where 3 is assumed to be a small positive irrational number. 
From (2.3) we obtain the following table of values ofy(m l q- m2(2 q- 3)), ordered by 
increasing argument values, m 1 q- m2(2 -k 5). 
m Z 
5 
4 . . . .  
3 
Z 
] 
0 
0 1 Z 3 4 5 6 
F IG.  5. ~" = ml  + m2(2+ 8). 
m I 
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A clear understanding of the sequence of pairs (m 1 , m2) appearing in the list as well 
as the clustering of argument values can be obtained by picturing a line with constant 
slope - -  ch/c~ = --  1/(2 q- 3) moving by parallel translation across the square lattice 
of points with coordinates (m I , m2), as shown in Fig. 5. 
ml m~ y(ml § m2(2 + 8)) 
o o y(O) al  + a2- -1  
1 0 y(1) -- aly(O) 
2 0 y(2) -- a~2y(O) 
0 1 y(2 -t- 3) = a2y(O) 
3 0 y(3) -- at3y(O) 
1 1 y(3 + ~) ~- 2a~a~y(O) 
4 0 y(4) -- a~4y(O) 
2 1 y(4 § 3) -- 3at~a2y(O) 
0 2 y(4 t 28) -- az2y(O) 
5 0 y(5) a~y(O) 
3 1 y(5 ~ 8) 4a13a2y(O) 
1 2 y(5 -]- 2~) -- 3ala~2y(O) 
Comparing the two lists of special formulas we can see (as in Figs. 1 and 2) that in 
the incommensurable case a number of separate jumps cluster about each integer 
value of the argument  and these jumps add up after some oscillation to the same 
value as the single jump at t in the rationally dependent case. Of course, if we were to 
continue the lists long enough, then eventually the width of these "clusters" will 
exceed 1 and they will begin to overlap with each other making a direct comparison 
more difficult and producing oscillations in x(t) of higher and higher frequency 
which will damp out or not depending on the coefficients a l ,  az in the ways discussed. 
In conclusion, in order to guarantee that a function x(t) satisfying (1.1) with x(t) = 1, 
(t < 0), which is asymptotic to zero will remain so, subject o arbitrary, small varia- 
tions in both the coefficients al ,..., an and the delays a l ,  ao ,..., %,  it is both necessary 
and sufficient hat [a l l  -k l azl + "'" -k [a,, I < 1. 
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